ABSTRACT. It is shown that if T is a completely reducible operator on a Banach space and TK = KT, where K is an injective compact operator with a dense range, then T is a scalar type spectral operator. Other related results are also obtained.
is completely reducible if the algebra generated by T is. It is unknown whether a weakly closed unital completely reducible algebra must be reflexive; that is, must contain every operator which leaves invariant its invariant subspaces. Some partial solutions of this problem can be found in [1, 6, 7] .
In this paper we show that every completely reducible operator commuting with an injective compact operator with a dense range is a scalar type spectral operator. In particular, the weakly closed unital algebra generated by such an operator must be reflexive. This result seems to be unknown even for operators on a Hilbert space. Also, we show that every compact completely reducible operator must be a scalar type spectral operator. This answers a question raised by E. Azoff and A. Lubin (see the last page of [1] ) and, independently, by V. Lomonosov. Finally, our result generalizes the results of Loginov and Sul'man [2] and Rosenthal [5] on reductive Hilbert space operators that commute with compact operators.
The following theorem is the central result of the author's paper [4] , where it was stated in a slightly different form: THEOREM 
Let A be a commutative operator algebra on a Banach space X. If the commutant of A is completely reducible and the ranges of compact operators in A span X, then every operator in A is a scalar type spectral operator. If, in addition, A is a weakly closed unital completely reducible algebra, then A is generated, as a uniformly closed algebra, by a complete totally atomic Boolean algebra of proiections. Moreover, A is reflexive and admits spectral synthesis (i.e., every invariant subspace of A is spanned by its one-dimensional invariant subspaces).
Thus, in order to prove the result described above, it suffices to show that if A is a commutative completely reducible algebra which has enough hyperinvariant subspaces, then the commutant of A is also completely reducible. This will be done in Theorem 8 below. The above result then follows easily, a sufficient supply of hyperinvariant subspaces being provided by Lomonsov's theorem. It can be shown, by a slight variation of the proof of Theorem 8, that the word "hyperinvariant" in its statement can be replaced with "invariant."
Let us introduce some definitions and notation. For Banach spaces X and Y, £(X, Y) denotes the collection of all bounded linear operators from X to Y; £(X, X) is denoted by £(X). X* means the conjugate space of the Banach space X. For M ~ X, M.L is an annihilator of Min X*. An operator E in £(X) is a projection if E2 = E. If E and F are projections, we write E ~ F provided EF = FE = E.
Clearly, E ~ F if and only if E(X) ~ F(X) and Ker E "2 Ker F. If E is a projection, we write E.L for I-E. If A is a subalgebra of £(X), then A' denotes the commutant of A; that is, the set of all operators in £(X) that commute with every operator in A. Hyperinvariant subspaces of A are those invariant for A'. We will write P(A) for the family of all projections in A', and Po(A) for the set of those projections in P(A) whose range is hyperinvariant for A. Finally, for E in P(A), we define intE A as the set of all
Clearly, an operator algebra A is completely reducible if and only if for every M in lat A there is a projection in P(A) with range M. Note also that for A completely reducible and M in lat A, the restriction of A to M, AIM, is also completely reducible.
We shall need some very elementary lemmas. The first is well known. 
(ii) A subspace Y which contains Xl belongs to lat A' if and only ifY = Xl + Yl ,
where Yl ~ X 2 and Yl E lat(AIX2}'.
(ii) Let Y "2 Xl and Y E lat A'. In particular, Y is invariant under F, so that
The following two lemmas will enable us to reduce the proof of the main result to the case when the completely reducible commutative algebra has no nonzero finite-dimensional invariant subspaces.
LEMMA 5. Let A ~ £(X) be a completely reducible algebra such that the onedimensional subspaces in lat A span X. Then A' is completely reducible.
PROOF. Clearly, A is commutative. We claim that A admits spectral synthesis.
E transforms everyone-dimensional invariant subspace of A into an invariant subspace of A of dimension no greater than one, E(X) is spanned by one-dimensional elements of lat A. Now suppose Xl E latA'. Since A' ~ A, Xl is also in latA, and one can find X2 E lat A with Xl -i-X 2 = X. We sill show that X2 is also in lat A'. Suppose not.
Denote by E the projection onto Xl along X 2 . Then, by Lemma 3, intE A =I-0, and, by our claim above, there exist such
It is very easy to see that M E lat A and the algebra
consists only of multiples of the identity. Denote by S an operator which maps Minto N and is identically zero on some invariant complement to On the other hand, codim Ker PT = 1 and, since AIX2 is completely reducible, AIX2 has a one-dimensional invariant subspace, which contradicts the definition of X I and therefore completes the proof. LEMMA In the second part of the proof we will construct a closed unbounded linear 
Suppose A ~ £(X) is a commutative completely reducible algebra which has the following property: for every nonzero ME lat A', there is N
E lat A' such that N ~ M, N =I-0, N =I-M. Let Ml, M2 , ... ,
; G I, (G I -Gz)G IM(E2) = (G I -Gz)M(Ez)
which shows that Mo E lat A. This ends the second part of the proof.
In the last part of the proof we obtain a contradiction. To do this, it would suffice to refer to a simple result of Fong [1] , but we prefer to give a direct proof.
Since Mo E lat A and A is completely reducible, one can find PROOF. Let Xl denote the subspace spanned by all one-dimensional subspaces in lat A, and let X 2 be a complement to Xl in lat A. By Lemma 6, Xl and X 2 are in lat A'. We shall show that for AIX2 the conditions of the previous theorem are satisfied. Denote by C the family of all compact operators in (AIX2)'. Clearly, intersections of the kernels of all operators in C is zero, and the subspace spanned by all their ranges is X 2 • Let M be a nonzero subspace in lat(AIX2)' and E be in Po(AIX2) with E(X2) = M. Then there is Kl E C such that KllM =I 0 and (note that M is infinite-dimensional), by Lomonosov's theorem [3] , there is a nonzero Ml ~ M such that Ml E lat(AIX2)' and Ml =I M. On the other hand, there PROOF. We shall show that the assumpition about the kernels is equivalent to that about the ranges. Then the result would be an immediate consequence of Theorem 9. Let M be intersection of the kernels of all compact operators in A. To end this paper, we give a characterization of completely reducible compact operators.
COROLLARY 12. Every compact, completely reducible operator K E £(X) is a scalar type spectral operator.
PROOF. It suffices to note that Ker K + cl K(X) = X [1] .
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